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This paper presents a theoretical study of the nonlinear acoustic properties of a slit in a thin plate subjected to high-

intensity sound excitation. In the present model, the conventional discrete vortexmethod is employed to simulate the

near-field two-dimensional unsteady flow in order to capture the mechanism of the sound–vortex interaction, which

is in combination with a spanwise-averaged three-dimensional Green’s function method used to connect the near-

field flow quantities with the far-field sound pressure. This model is compared with an existing particle image

velocimetry flow visualization and a direct numerical simulation model, showing good qualitative agreement. It is

revealed that the oscillatory slitflow is dominated by a pair of spiral-like counter-rotating vorticesmoving away from

the slit and eventually colliding into each other. Because of the vortical flow effect, increases in the sound pressure

level result in significant increases in acoustic resistance and modest decreases in acoustic reactance. For the

parametric range in this study, increases in the aspect ratio of the slit result in slight increases in acoustic resistance

but unnegligible reductions in acoustic reactance. However, the influence of the aspect ratio on acoustic impedance

tends to be less important when the sound pressure level exceeds a certain high value.

Nomenclature

AR = aspect ratio of slit
b = length of slit
C = inertia coefficient
c = sound speed
CD = discharge coefficient
D = depth of back cavity
d = length of feeding sheet of nascent vortex
f = frequency
k = wave number, !=c
l = vector length along integration path ACB
N = number of discrete vortices
P = amplitude of applied sound pressure
pi = incident sound pressure
pr = reflected sound pressure
Q = volume flux through slit (strength of point source

in � plane)
r = normalized acoustic resistance
rc = cutoff radius of vortex blob
s = half width of slit
SPL = applied sound pressure level
T = time period
t = time
t0 = initial time

uQ = velocity due to slit flow

u� = velocity due to discrete vortices
u� = acoustic particle velocity on right and left sides of

slit plate
vav = average velocity through slit
vav�n� = amplitude of nth harmonic of vav
vVC = velocity at vena contracta
W = complex potential
w = complex velocity

WQ = complex potential due to slit flow
W� = complex potential due to discrete vortices and

their images
x = normalized acoustic reactance
�x1; x2; x3� = Cartesian coordinates in physical plane
z = complex coordinate in physical plane
Zcavity = normalized acoustic impedance of cavity
Zres = normalized acoustic impedance of Helmholtz

resonator
Zslit = normalized acoustic impedance of slit
ze = complex coordinate of slit edge in the physical

plane
zn = complex coordinate of nth discrete vortex in the

physical plane
� = circulation
�n = circulation of nth discrete vortex
�t = total circulation of shed vortex
�1 = circulation of nascent vortex
�t = time interval
� = complex coordinate in the conformal mapping

plane
�n = complex coordinate of nth point vortex in the

conformal mapping plane
� = smooth parameter
��1; �2� = Cartesian coordinates in the conformal mapping

plane
� = air density
� = open area ratio of perforated plate
��1� = phase of the first harmonic of vav
�Q = quasi-three-dimensional potential function
! = angular frequency

I. Introduction

P ERFORATED liners in the form of cavity-backed orifices are
used successfully to reduce the amount of noise emitted from

commercial aircraft engines. Modern commercial aircraft highly
depend on the liner technology to meet the increasingly stringent
noise regulations. With rare exception, the orifices in a perforated
liner are in a circular shape. So, it is of interest to study the acoustic
properties of a slit or a rectangular orificewith a large aspect ratio and
then make a comparison with the well-used circular orifice.

Indeed, the use of slit as an acoustic element has drawn the
attention of researchers for many years [1–4]. However, most of the
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investigations concentrated on the viscous dissipation of the acoustic
energy at the slit [1–4]. When there is high-intensity sound and flow
present, as typically occurs in an aeroengine nacelle, the acoustic
energy dissipation at an orifice is dominated by themechanism of the
sound–vortex interaction. Howe [5] described the process as the flow
separation and vortex shedding at the sharp edge leading to the
conversion of the acoustic energy into unsteady vortical motion. This
rotational energy cannot be reverted back into acoustic energy. It is
eventually dissipated into heat by molecular viscosity.

There have been numerous studies regarding the sound–vortex
interaction at a circular orifice. However, this mechanism has not
been thoroughly investigated for slits.When there is either mean bias
flowor grazingflowpresent, linear assumption has been employed to
model the sound–vortex interaction, and thus the acoustic properties
of slits in a screen [6,7]. However, when subjected to high-intensity
sound, a slit shows strong nonlinear acoustic properties, just as a
circular orifice [8–12]. Recently, Tam et al. [13,14] used direct
numerical simulation (DNS) to capture the details of the unsteady
flow excited by high-intensity sound impinged on a slit, from which
they obtained the gross effect of the acoustic impedance of the slit. In
their simulation, both the viscous and the sound–vortex interaction
mechanisms are simultaneously taken into account.

In the present paper, a slit in an infinitely large thin plate subjected
to high-intensity sound is considered, with emphasis on the sound–
vortex interaction mechanism. For high Reynolds number cases, the
vorticity is confined to a compact region in the flowfield around the
slit. As a result, the viscous effect can be neglected everywhere
except for the slit edges, where the Kutta condition is applied to
account for the generation of the vortices. To capture the flow details
of the vortex shedding and evolution around the slit, a discrete vortex
model (DVM) is set up on the assumption that the slit is infinitely
long. Then, the near-field two-dimensional (2-D) flow simulation
results are substituted into a spanwise-averaged three-dimensional
(3-D) Green’s function integral formula to compute the acoustic
resistance and the reactance of the slit. Thus, in contrast to the
previous axisymmetrical DVM for the acoustic nonlinearity of a
circular orifice [15], the present model combines the 2-D DVM and
the 3-D Green’s function to develop a quasi-3-D numerical strategy
to deal with the problem of the acoustic nonlinearity occurring at a
slit. The details of the present model are given in the next section. In
Sec. III, we first compare the present results with those of the DNS
obtained by Tam et al. [13], and then we provide an analysis and
discussion based on the present computation. Finally, the paper
finishes with conclusions in Sec. IV.

II. Setting up of the Model

In Fig. 1, a slit in an infinitely large thin plate subjected to the
excitation of a high-intensity sound wave is shown. The acoustic
pressure drives the oscillatory flow through the slit, resulting in the
unsteady vortex shedding at the slit edges. Thus, by the mechanism
of dynamical exchange between the acoustic and vortical motions,
the acoustic behavior of the slit is highly dependent on the amplitude
of the incident sound pressure.

If the sound wavelength is much larger than the size of the slit, the
unsteady flow around the slit can be approximately treated as incom-
pressible. For this condition, the incident sound wave is considered
as the fluctuating pressure uniformly distributed in the far field:

pi �
�
P cos!t �x2 > 0; x21 � x22 � x23 !1�
0 �x2 < 0; x21 � x22 � x23 !1�

(1)

where a sinusoidal time dependency has been assumed. When the
Reynolds number is high, the viscous effect can be neglected
everywhere except for the slit edges where vortex shedding takes
place. Therefore, we can suitably employ the DVM to describe the
sound–vortex interaction phenomenon, inwhich the vortex shedding
and the evolution of the shear layers near the slit are depicted by an
array of discrete vortices. It is also assumed that the slit has a large
aspect ratio, such that the motion of the discrete vortices, mainly
occurring in the vicinity of the slit, can be computed according to the
Kelvin theorem. Furthermore, in order to compute the nonlinear
acoustic impedance of the slit, a quasi-3-D potential model for the
far-field fluctuating pressure is set up in collaboration with the near-
field 2-D DVM.

A. Two-Dimensional Discrete Vortex Model for the Near-Field

Unsteady Flow

The variables are nondimensionalized as

�t� !t; �L� L=s; �V � V=!s; ����=!s2

�p� p=�!2s2; ��� �=!s2; �Q�Q=!s2

where L, V, �, and p generally represent the distance, velocity,
velocity potential, and pressure, respectively. The bars are omitted
from the nondimensional variables for convenience hereafter in this
section.

The 2-D incompressible assumption allows the near-field flow to
be solved by means of the complex variable theory. The Schwartz–
Christoffel transformation is written as follows:

z� 1

2

�
�� 1

�

�
(2)

and the conformalmapping from the z plane to the � plane is as shown
in Fig. 2. In the � plane, the complex potential W has two
components: 1) W� of the discrete vortices and their images, and
2) WQ of the fluctuating flow through the slit that is conveniently
given by a point source at the origin; that is,

W �WQ �W� �
Q

�
ln ��

X
n

�n
2�i
�ln �� � �n� � ln �� � ��n�	 (3)

Note that the asterisk denotes the complex conjugate throughout
this paper. The resulting complex velocity is given by the derivative
of Eq. (3):

2s

b

cosp P tω+ =

0p– =

x1

x2

x3

Fig. 1 Slit in a thin plate subjected to the high-intensity sound wave.

a)

b)
Fig. 2 Conformal mapping: a) physical domain and b) conformal

transformation domain.
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w��z� � dW

dz
� dW

d�

d�

dz
(4)

When the above equation is used to compute the convection
velocity of each discrete vortex, special care must be taken such that
the induced velocity due to the vortex itself is excluded. Then, for the
nth point vortex,

w��zn� � lim
z!zn

d

dz

�
W � �n

2�i
ln �z � zn�

�
� d ~W

dz

����
zn

� �n�
00�zn�

4�i�0�zn�
(5)

where ~W�z� denotes the complex potential excluding the
contribution of the nth discrete vortex. The second term on the
right-hand side of Eq. (5) is the so-called Routh’s correction.
Substituting Eq. (3) into Eq. (5) yields

w��zn� �
�

2�2n
�2n � 1

��
Q

��n
�
X
n0
n0≠n

�n0

2�i

1

�n � �n0
�
X
n0

�n0

2�i

1

�n � ��n0

�

� i�n
�

�n
��2n � 1�2 (6)

The mathematical form of the Kelvin theorem is

dzn
dt
�w�zn� (7)

�n � const (8)

Equation (7) is numerically integrated by means of the second-
order Adams–Bashforth scheme as follows:

znjt��t � znjt �
1

2
�3wnjt � wnjt��t��t (9)

It is clear from the above derivation that, once �n and �n are given
at the initial time t0, the motion of the vortices, and thus the
distribution of the circulation in the flowfield, can be determined at
subsequent times.

It is a major step of the present method to model the vortex
shedding at the edges of the slit. To do this, the method proposed by
Brown andMichael [16] is employed, in which the shed vortices are
represented by a concentrated point vortex that is connected to the slit
edge by a vortex-free feeding sheet, as sketched in Fig. 3. The details
of Brown and Michael’s vortex-shedding model is presented in the
Appendix. At each time step, the strength and location and of the
nascent vortices from the slit edges are determined by Eqs. (A2) and
(A13), respectively.

B. Quasi-Three-Dimensional Strategy for the Computation of the

Far-Field Unsteady Pressure Difference

As shown in Fig. 4, the Bernoulli equation is applied along
path ACB to obtain the far-field pressure difference across the slit
plate, as written below:

pA � pB ��
d�t;l

dt
� @

@t

Z
B

A

u� 
 dl�
@

@t

Z
B

A

uQ 
 dl (10)

The condition that juAj ! 0 and juBj ! 0 as A!�1 and
B! �1 has been used in deriving the above equation. However, a
tricky problem immediately emerges in that the path integral of the

last term in the right side of Eq. (10) becomes divergent as the end
points, A and B, go into the far field, extending to infinity, if the flow
is assumed to be 2-D everywhere. A similar problem has been
encountered in the previous studies of the nonlinear acoustics of the
pipe exit. Disselhorst and Van Wijngaarden [17] proposed that the
pressure difference be obtained by subtracting from the above
equation the result that would occur if no vortices were present. In
this way, although the divergent term in the Bernoulli equation is
canceled out, the pressure difference thus obtained is only associated
with the acoustic resistance of the slit due to the presence of the
vortices. Thus, it is still a problem to compute the acoustic reactance
of the slit that is related to the unsteady potential flow in the
neighborhood of the slit. Here, we recognize that the unphysical
divergence of the far-field pressure difference results from the fact
that, in reality, a complete 2-D flow does not exist in an open domain
extending to infinity. As the observer point moves far away from the
slit, the 3-D effect must be taken into account, even if the aspect ratio
is very large. Therefore, we propose a quasi-3-D strategy to deal with
the problem raised in the above discussion. The basic idea is that the
far-field difference of the velocity potential due to the fluctuating
flow through the slit is given by a quasi-3-D potential function �Q

instead of the complete 2-D one WQ. By means of the half-space
Green’s function of the Laplace equation for the incompressible
potential flow, we can write

�Q�x1; x2; x3�

��Q;�1 �
1

2�

Z
b=2

�b=2

Z
1

�1

@�Q

@x02

dx01dx
0
3�����������������������������������������������������������

�x1 � x01�2 � �x3 � x03�2 � x22
p

(11)

Then, because�Q and @�Q=@x2 are continuous across the slit, we
derive from the above equation that

Z �1
�1

uQ 
 dl��Q;�1 ��Q;�1

� 1

�

Z
b=2

�b=2

Z
1

�1

@�Q

@x02

dx01dx
0
3������������������������������������������������

�x1 � x01�2 � �x3 � x03�2
p (12)

Based on the assumption of quasi-3-D flow, �Q can be well
approximated byWQ in the vicinity of the slit. Thus,

@�

@x2
� dWQ

dz
�Q�t�

�

1�������������
1 � x21

p (13)

Substituting the above equation into Eq. (12), and performing a
spanwise averaging in the way that both sides of the equation are
integrated over �b=2 
 x3 
 b=2, we obtainZ �1

�1
uQ 
 dl�

Q�t�
�2b

Z
1

�1

F�x1; x01���������������
1 � x021

p dx01 (14)

where

F�x; x0� �
Z
b=2

�b=2

Z
b=2

�b=2

dx03dx3������������������������������������������������
�x1 � x01�2 � �x3 � x03�2

p
��2bfln jx1 � x01j � ln �b�

��������������������������������
b2 � �x1 � x01�2

q
	

�
�������������������������������������
1� �x1 � x01�2=b2

q
� jx1 � x01j=bg

Feeding sheet

Concentrated vortex
Fig. 3 Schematic of the Brown and Michael model of vortex shedding

from the edge of a thin plate [16].

Fig. 4 Path ACB along which the Bernoulli equation is applied.
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Then, we define a spanwise-averaged inertia coefficient C so that
Eq. (14) can be rewritten asZ �1

�1
uQ 
 dl�Q�t�C (15)

As shown in Fig. 5, C is a function of the aspect ratio or the
normalized b, i.e., C� C�b�. By means of this strategy, the path
integral Z �1

�1
uQ 
 dl

makes a finite contribution to the pressure difference across the slit.

The path integral of u
*

� in Eq. (10) has no problem with
convergency, and it is straightforwardly written as

Z
B

A

u� 
 dl�
XN
n�1

�n
�

�
�

2
� arctan

�
�1n
�2n

��
(16)

Then, substituting Eqs. (15) and (16) into Eq. (10), we arrive at

pi � pA � pB ��
d�t

dt
� @

@t

�XN
n�1

�n

�

�
�

2
� arctan

�1n
�2n

��

� C�b� @Q�t�
@t

(17)

C. Computation of Unsteady Flow

The unsteady vortical and velocity flowfields of the slit under the
sinusoidal pressure excitation, pi � P cos!t, is computed in the
time domain. A typical time step of the time-marching approach is
performed as follows:

1) Evaluate Q�t� from Eq. (17). The rate of the vortex circulation
shed from the left slit edge is given by

d�t
dt
� �1

dt
(18)

Note that the time marching begins at the initial time t0 of a small
value, and the initial condition is approximately �1�t0� � 0.

2) Calculate the coordinates of the nascent vortices according to
Eq. (A13), and then update the positions of all the point vortices from
solving Eq. (6) by means of the Adams–Bashforth integration
scheme [Eq. (9)].

3) Release the two nascent vortices by assigning them the
circulations given by the Kutta condition, and introduce a small
cutoff radius for the nascent vortices as an artificial smoothing
parameter. A smoothing technique is very helpful in preventing the
excessive instability of the discrete vortex system, thus obtaining the
reasonably clean and organized flow pattern. In the present

simulation, the well-used method is employed that treats each point
vortex as a vortex blob with a cutoff radius to avoid the unbounded
velocity near the point vortex [18]. Assuming the vortex blob is of a
Rankine type, the induced velocity of a point vortex with a cutoff
radius is given by the following equation:

w� � �n0

2�i

1

�n � �n0

�
1 �j�n � �n0 j> rc�
r�2c j�n � �n0 j2 �j�n � �n0 j 
 rc�

(19)

where the cutoff radius rc � �d, in which � is a selected constant
smaller than unity. In the present simulation, � varieswithin the range
from 0.8 to 0.9. According to the numerical tests, the simulation
results are not sensitive to the exact choice of �.

4) Shift the indices of the vortices as follows:

�n�2;new � �n;previous; �n�2;new � �n;previous; wn�2;new �wn;previous
(20)

0 10 20 30 40 50 60
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

C

b/s
Fig. 5 Inertia coefficient C as a function of aspect ratio of the slit.

x1

pi

pr resonator

acoustic driver
Fig. 6 Impedance tube with a slit resonator at the right end.
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 Present results
 DNS results, 90o edge
 DNS results, 45o edge
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Fig. 7 Comparison between present results and DNS results in [13] for

the normalized specific acoustic impedance of the resonator with a 0.05-

in.-wide slit: a) acoustic resistance and b) acoustic reactance.
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5) Increment the time by the interval

tm � tm�1 ��t (21)

To limit the computation time, each vortex is gradually damped;
that is, its circulation is decreased as it is convected away from the
slit, so it is eventually not involved in the computation when its
circulation becomes zero.

D. Computation of the Acoustic Impedance

Strictly speaking, the definition of acoustic impedance refers to the
relation between the acoustic pressure and the acoustic particle
velocity in which both are sinusoidal in time. However, due to the
occurrence of the nonlinear distortion, the average velocity through
the slit vav is periodic but deviates somewhat from being sinusoidal.
So, Fourier decomposition is employed to get the spectrum of the
average velocity as a function of time. Provided that the first
harmonic component is dominant in the spectrum of the average
velocity, the nonlinear acoustic impedance of the slit can be defined
as below, according to Ingard and Ising [9]:

r� ksP cos���1�	
vav�1�

; x��ksP sin���1�	
vav�1�

(22)

The acoustic impedance is normalized by �c throughout this
paper.

III. Results and Discussion

A. Comparison with Direct Numerical Simulation Results

In [13], a DNSmethod is used to simulate the acoustic experiment
carried out on a slit resonator in the normal incidence tube at NASA
Langley Research Center. The experimental setup is as illustrated in
Fig. 6. The slit resonator consists of a single slit centered in a 2 in:2,
0.04-in-thick facesheet covering a 6-in.-deep cavity of the same cross
section. Slits of three different sizes are tested. Their 2 in. lengths just
span the dimension of the impedance tube, and their widths are 0.05,
0.1, and 0.2 in. The acoustic problem of the slit resonator can be
separated into three different physical processes: 1) the sound
propagation in the impedance tube, 2) the local absorption at the slit
due to a finite pressure difference between the tube and the back
cavity, and 3) the enhancement of the absorption due to resonance.
Here, the first and the third physical processes are treated by the one-
dimensional (1-D) sound propagation model. The second physical
process is solved by the present DVM neglecting the influence of the
walls of the tube and the cavity. The effects of the facesheet thickness
and the angle of the slit edge are also neglected.

From the model of 1-D sound propagation inside the cavity, we
can obtain the sound pressure on the right side of the facesheet,
x1 � 0�:

px1�0� � �i�cu� cot
�
!D

c

�
(23)
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0

1

2

3

 Present results
 DNS results, 90o edge
 DNS results, 45o edge
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Frequency, kHz

Fig. 8 Comparison between present results and DNS results in [13] for

the normalized specific acoustic impedance of a resonator with a 0.1-in.-

wide slit: a) acoustic resistance and b) acoustic reactance.
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Fig. 9 Comparison between present results and DNS results in [13] for

the normalized specific acoustic impedance of the resonator with a 0.2-

in.-wide slit: a) acoustic resistance and b) acoustic reactance.
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Thus, we can obtain the acoustic impedance of the resonator
cavity as

Zcavity ��i cot
�
!D

c

�
(24)

Themathematical definition of the acoustic impedance of the slit is
as follows:

Zslit �
px1�0� � px1�0�

�cvac
(25)

In the local region around the slit, the following mass continuity
relation holds:

u� � �vac (26)

The combination of Eqs. (23–26) leads to the acoustic impedance
of the slit resonator Zres:

Zres �
Zslit

�
� i cot

�
!D

c

�
(27)

From the 1-D model for the sound propagation in the impedance
tube, the total sound pressure on the left side of the facesheet,
x1 � 0�, can be related to the incident sound wave from the sound
source; that is,

px1�0� �
2Zres

Zres � 1
pi (28)

Table 1 Geometrical parameters of the slits

Number Half-width s, mm Aspect ratio AR

1 1.585 5
2 1.121 10
3 0.915 15
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Fig. 10 Vortex-shedding process and the evolution of the vortices at a slit subjected to high-intensity sound.
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Thus, the pressure difference between the two sides of the
facesheet can be derived from Eqs. (23), (26), and (28):

�px1�0 � px1�0� � px1�0� �
2Zres

Zres � 1
pi � i�c� cot

�
!D

c

�
vav

(29)

The calculation of the acoustic impedance of the resonator is done
in the following steps:

1) Input �px1�0 into the DVM as the sound pressure difference
across the orifice plate to obtain the values of vav, Zslit, and then Zres

from Eq. (27).
2) Substitute vav and Zres into Eq. (29) to calculate �px1�0.
3) Repeat steps 1–2 until Zres converges.
When the above iteration is initialized, the incident sound pressure

pi is used to approximate �px1�0.
The present and Tam et al.’s [13,14] DNS results for the acoustic

impedance of the slit resonators are compared at six frequencies near
the resonance and antiresonance of the resonators, as presented in
Figs. 7–9. But asmentioned, the conditions of the twomodels are not
completely identical. One difference of the present model with the
DNS is that the plate thickness is not considered. As we can see, for
the three sizes of slits with a 45� edge, the present results for acoustic
resistance agree well with the DNS results, except for the frequency
of 500 Hz where the acoustic resistance markedly increases due to
resonance. This is well expected since the effect of plate thickness
can be largely removed by sharpening the edge of the slit, as is
usually done in experiments to approximate to the thin-plate
condition. For the slits with a 90� edge, however, the plate thickness
must take its effect in some manner. Therefore, it is also under-
standable that the present results for acoustic resistance have some
differences with the DNS results. When comparing the acoustic

reactance obtained by the twomethods, the two results are consistent
in their trend but deviate somewhat from each other in their values. In
fact, it is not rare that the data of acoustic reactance aremore scattered
than acoustic resistance in the measurement or numerical simulation
of the orifice acoustic properties, especially when the flow at the
orifice is under the influence of shedding vortices. Generally
speaking, the present DVM provides very similar trends and
reasonably good agreement in values with the computationally
intensive DNS model. Note that the present model does not include
the viscous effect. So, this agreement suggests that the acoustic
damping due to the viscous effect is not dominant, such that the
acoustic absorption due to the sound–vortex interaction is
increasingly important for high sound intensity.

B. Acoustic Nonlinearity of a Slit

1. Flow Pattern of the Shedding Vortices

In this section and hereafter, the nondimensionalized sound
pressure and acoustic particle velocity are converted to the
dimensional values in the units of pascals (or decibels) andmeters per
second, respectively, in order to easily evaluate their real magnitudes
or compare the present results with the data of other sources if
needed.

It has long been noticed that the unsteady vortices are shed when
high-intensity sound impinges upon the rim of an orifice. This
vortex-shedding mechanism is important because it accounts for the
nonlinear acoustic impedance of the orifice. It is assumed that the
fluctuating flow of the slit is dominated by the vortex shedding
occurring at the long edges of the slit with a large aspect ratio.

The present computation is carried out for three slits, i.e.,
numbers 1–3 slits with parameters given in Table 1. In Fig. 10, for the
number 2 slit with AR� 10, and on the condition that P� 300 Pa
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Fig. 11 Average velocity through the slit for SPL� 128:5 dB and

f � 500 Hz: a) time history and b) spectrum.
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140:5 dB and f � 500 Hz : a) time history and b) spectrum.
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and f� 500 Hz, the shedding and evolution processes of the
vortices are displayed at each successive time interval of T=4 during
the first two periods of time. The nondimensionalized time step is set
to be 0.005 in the simulation.

As depicted by the numerical simulation, the vortices shed from
the slit edges roll into a pair of spiral-like counter-rotating vortices at
the beginningof the time period.As it grows larger and larger, the two
vortices approach each other while moving away from the slit. At the
instant of T=2, it can be seen that the perturbation flow through the
orifice has already changed its direction, but the vortex pair moves
further away from the slit,mainly due to its self-induced velocity. The
regular spiral-shaped vortex is finally broken when the two vortices
collide, thus forming a vortex cluster mixed with vortices rotating in
the opposite directions. The above vortex evolution process is
completed within one of the time period. Also, the same process is
repeated at the other side of the slit lagging by half of the time period.
From the qualitative point of view, the simulation of the formation,
evolution, and interaction of the vortex pair at the slit shows marked
resemblancewith the previous particle image velocimetry (PIV) flow
visualization [19].

2. Time History of the Acoustic-Driven Slit Flow

The average velocity of the acoustic-driven flow through the slit
vav is of concern because of its importance in calculating the acoustic
impedance of the slit, as defined by Eq. (22). When the frequency is
500 Hz, the time history of vav is computed for the number 2 slit at
three sound pressure levels (SPLs) (128.5, 140.5, and 148.5 dB), and
the results are presented in Figs. 11a, 12a, and 13a, respectively. As
we can see, the curve of vav repeats itself for each period after only the
first one. Thus, the rapid convergence of the computation is
demonstrated. The time-history curve of vav is nearly sinusoidal at a

relatively lowSPLof 128.5 dB,whereas it exhibits obvious nonlinear
distortion when the SPL is increased to 148.5 dB. The Fourier
spectrums of vav are given in Figs. 11b, 12b, and 13b correspondingly
for the three SPLs. We can see that the higher-order harmonic
components appear in the spectrum of vav, and their amplitudes
increase with the increase of SPL. However, even at high SPLs, the
fundamental harmonic component still plays a dominant rolewith its
amplitude being 10 times larger than those of the higher-order
harmonic components.

In Fig. 14, the amplitude and phase of the fundamental harmonic
component of the average velocity of the slit flow, vav�1� and ��1�,
respectively, are plotted as a function of the SPL. The results for the
three slits with different aspect ratios are presented for comparison in
the figure. Note that the area of the slits is kept constant, with the
value being 12:56 mm2. The figure shows that, as SPL increases,
vav�1� increases while ��1� decreases in its absolute value, showing
that vav is gradually in phasewith the driving sound pressure. It is also
shown that, for the parametric range in this study, vav�1� increases
while the absolute value of ��1� decreases to some extent as the
aspect ratio increases. However, when the SPL is very high
(exceeding 145 dB in the present case), the influence ofAR gradually
diminishes.

3. Nonlinear Acoustic Impedance

The nonlinear acoustic impedance is calculated according to
Eq. (22), and the results for the three slits in Table 1 are presented in
Fig. 15. It is shown that the acoustic resistance increases markedly
with the SPL, whereas the acoustic reactance decreases to some
extent. As the aspect ratio is increased from 5 to 15, the nonlinear
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Fig. 13 Average velocity of the flow through the slit for SPL�
148:5 dB and f � 500 Hz: a) time history and b) spectrum.
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acoustic resistance slightly increases, whereas the nonlinear acoustic
reactance decreases. Obviously the acoustic reactance changes with
AR more prominently than the acoustic resistance. The nonlinear
acoustic impedance of a circular orifice, computed by the method of
[15], is also presented in Fig. 15 for comparison. The circular orifice
has an equivalent radius of 4.0 mm by the requirement of its area
being equal to that of the slits. From the figure, we can see that, asAR
increases, the acoustic resistance and reactance of the slits show
slightly increasing and obviously decreasing trends, respectively,
compared with those of the circular orifice. Similar to the above
analysis regarding the average velocity, the influence of the aspect
ratio or the orifice shape on acoustic impedance tends to be less
important when the SPL exceeds a certain high value (around 145 dB
in the present case).

4. Discharge Coefficient

As shown in Fig. 10, the vortex evolution leads to the formation of
a slit jet forwhich the cross section gradually contracts and reaches its
minimum at the so-called vena contracta. Because of this
phenomenon, the average velocity through the slit is smaller than
the jet velocity at the the vena contracta. The discharge coefficient is
defined as the ratio of the average velocity to the vena contracta
velocity:

CD �
vav
vVC
� �vav�1�������

2 �P
p (30)

In Fig. 16, CD is plotted as a function of the SPL for three aspect
ratios. It is shown that Cd increases with AR at relatively low SPL,

whereas the tendency is reversed at high SPL. The influence of the
SPL on CD is far more prominent than AR. Generally, CD increases
with the increase of SPL and asymptotically approaches a value of
about 0.62–0.64. This asymptotic value given by the present
unsteady flowmodel agrees well with Rouse’s result [20] and is well
within the range of 0.61–0.64 given by Batchelor [21]. Both Rouse’s
[20] and Batchelor’s [21] results are obtained from the static flow
models. The discharge coefficient is important because it is a crucial
factor in establishing the quasi-steady impedance models of small
orifices for engineering application purposes. However, in most
quasi-steady impedance models, the discharge coefficient is
introduced by the empirical means of fitting the model with the
experimental data. In the presentmodel, the discharge coefficient of a
slit is a direct result from the fully unsteady flowmodel that includes
the effect of vortex shedding.

IV. Conclusions

In this paper, the sound-excited nonlinear vortex shedding at a slit
orifice and its acoustic effect are studied by means of quasi-3-D
DVM. The present approach employs the conventional DVM to
simulate the 2-D unsteady vortical flow around the slit and uses a
spanwise-averaged 3-D Green’s function to connect the near-field
flow quantities with the far-field fluctuating pressure difference. As a
result, the problem of logarithmic divergence in the dynamical
equilibrium relation specific to the 2-D orifice or sink flow is solved.
The main findings of the present study are summarized as follows:

1) The generally good agreement between the present inviscid
model and the viscous DNS model suggests that the acoustic
damping due to the viscous effect is not dominant, such that the
acoustic absorption due to the sound–vortex interaction is
increasingly important for high sound intensity.

2) The simulated flow pattern of the shedding vortices at the slit is
consistent with the previous PIV flow visualization, showing the
feature that the oscillatory slit flow is dominated by a pair of spiral-
like counter-rotating vortices moving away from the slit and
eventually colliding into each other.

3) Because of the vortex shedding, nonlinear distortion occurs in
the average velocity of the oscillatory slit flow under sinusoidal
sound excitation. However, the fundamental harmonic of the average
velocity plays such a dominant role that its amplitude is 10 times
larger than those of the higher harmonics.

4) The nonlinear acoustic resistance of the slit orifice
correspondingly increases, whereas the nonlinear acoustic reactance
decreases to some extent with increasing amplitude of the applied
sound pressure.

5) For the parametric range in this study, as the aspect ratio
increases while keeping the orifice area constant, the acoustic
resistance and reactance of the slits show slightly increasing and
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Fig. 15 Normalized specific acoustic impedance as a function of the
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obviously decreasing trends, respectively, compared with those of
the circular orifice. However, the influence of the aspect ratio or the
orifice shape on acoustic impedance tends to be less important when
the SPL exceeds a certain high value.

6) The discharge coefficient of the slit, defined by the ratio
between the average velocity through the slit and the maximum
velocity at the vena contracta, increases with increasing SPL and
asymptotically approaches a valuewithin the range of 0.62–0.64 that
is consistent with the steady flow analysis.

Appendix : Brown and Michael Vortex-Shedding Model

The circulation of the nascent vortices is determined by the
application of the Kutta condition, requiring the velocity of inviscid
flow to be finite at a boundary discontinuity like the slit edges. Thus,
�1 satisfies the following relation at the left edge of the slit or ���1
where the transformation d�=dz is singular:

lim
�!�1

d

d�

�
W��� � �1

2�i
ln
� � �1
� � ��1

�
� 0 (A1)

This gives

�1 � 2�iW 0��1� �1� �1��1� �
�
1 �

��1 � �1
(A2)

The above equation indicates that�1 is a function of the position as
the nascent vortex is convected away from the edge. Thus, an
unsteady force is induced and acts on the feed sheet that must be
compensated by a counterforce acting on the nascent vortex, since
the point vortex-feed sheet combination, representing the original
vortex sheet released from the slit edge, cannot sustain a net force
action. This leads to the following equation for the circulation and the
position of the nascent point vortex, as proposed by Rott [22]:

dz1
dt
� z1 � ze

�1

d�1

dt
�w�z1� (A3)

Because the motion of nascent point vortex is within a region very
close to the slit edge, the conformal mapping equation (2) can be
simplified as

z1 � 1�� 1

2
��1 � 1�2 (A4)

Using Eq. (A4), Eq. (A3) can be rewritten as follows:

� ��1 � 1� d�1
dt
� 1

2
��1 � 1�2 1

�1

d�1

dt
�w�z1� (A5)

Substituting Eq. (A2) into Eq. (A5), we get

� ��1 � 1� d�1
dt
� ��1 � 1�2
2���1 � �1�

�
��1 � 1

�1 � 1

d�1
dt
� �1 � 1

��1 � 1

d��1
dt

�

� 1

2
��1 � 1�2 1

W 0��1�
dW 0��1�

dt
� w�z1� (A6)

However, Eq. (A6) is singular in that W 0��1� is zero from the
application of the Kutta condition. To handle this problem, we follow
Kuo and Dowling’s method [23], employing a similarity solution in
collaboration with the Rott’s equation. It is assumed that the nascent
vortex initially moves along a straight path, so its position can be
given as

�1 � �t	ei
 � 1 (A7)

where 	, �, and 
 are constants. In addition,W 0��1� is presumed to
be linearly related to t:

W 0��1� � �t (A8)

The substitution of Eqs. (A7) and (A8) into Eq. (A6) results in

� �2t2	�1e2i

�
3

2
	� 1

2

�
� lim

�1!�1
w�z1� (A9)

As its position approaches the slit edge, the finite velocity of the
nascent vortex is

lim
�1!�1

w�z1� �
Q

�
�
XN
n�3

�n
2�i

�
1

��n � 1�2 �
1

���n � 1�2
�

� �1

2�i

1

�1 � 1

�
� 1

2��1 � 1� �
1

�1 � ��1
� 1

��1 � 1

�
�O��1 � 1�

(A10)

FromEqs. (A2) and (A8), it can be deduced that�1 is proportional
to t	�1. Hence, after retaining the nonzero leading term and ignoring
the terms proportional to t1�	, Eq. (A10) is rewritten as

� �2t2	�1e2i

�
3

2
	� 1

2

�
�Q
�
�
XN
n�3

�n

2�i

�
1

��n � 1�2 �
1

���n � 1�2
�

(A11)

Then, 	 can be obtained by balancing the power of t of the leading
terms in Eq. (A11). We can also obtain the value of 
 because the
right-hand side of Eq. (A11) is real. The results are

	� 1

2
; 
� �

2
and

�2 � 4

5

�
Q

�
�
XN
n�3

�n
2�i

�
1

��n � 1�2 �
1

���n � 1�2
��

(A12)

With the constants 	, �, and 
 being obtained, the location of the
new vortex at the end of each time step is calculated from Eq. (A7):

�1 �

�����������������������������������������������������������������������������������������������������
4

5

�
Q

�
�
XN
n�3

�n
2�i

�
1

��n � 1�2 �
1

���n � 1�2
��

�t� 1

vuut (A13)

So, the strength of the new vortex at the left edge is determined
fromEq. (A2). In the exact sameway, the location and strength of the
nascent vortex at the right edge can be obtained.
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